Langevin equation of heavy quarks in high-temperature quark-gluon plasma is derived. The dynamics of heavy quark color is coupled with the phase space dynamics and causes a macroscopic superposition state of heavy quark momentum. Decoherence of the superposition state allows us classical description. The time scale of decoherence gives an appropriate discretization time scale ∆t ∼ M γ for the classical Langevin equation, where M is heavy quark mass and γ is heavy quark momentum diffusion constant.
I. INTRODUCTION
Transport properties of quark-gluon plasma (QGP) have attracted a lot of interest since nearly perfect liquid behavior has been discovered in the relativistic heavyion collision experiments at the Relativistic Heavy Ion Collider (RHIC) [1] . Further investigations in the heavyion collisions at higher energy are ongoing at the Large Hadron Collider (LHC). The discovery of nearly perfect liquid behavior seems to contradict the notion of weakly interacting QGP, and it rather suggests strongly interacting nature of the QGP. Indeed, the universal lower bound of the ratio of shear viscosity to entropy density η s ≥ 1 4π is proposed in the strongly interacting quantum field theories based on the conjectured duality between the gauge theory and string theory, or the antide-Sitter space/conformal field theory (AdS/CFT) correspondence [2] . This is close to the value η s ∼ (1 − 3) 4π, which is phenomenologically extracted from the experimental data by hydrodynamic simulations for the heavyion collisions [3] .
In the heavy-ion collisions, not only the bulk collective dynamics but also hard probes, such as heavy quarks and jets, reveal independent aspects of the transport properties of the QGP. For example, medium modification of heavy quark momentum spectra offers an opportunity to study drag force of the QGP acting on a test particle with color [4] . Phenomenological studies of the heavy quark probe in the heavy-ion collisions are summarized in [5] . Since there is a kinematical hierarchy between the heavy quark and the QGP, the heavy quark dynamics is slow compared to the correlation time of matter constituents so that the effects of interaction between them are averaged out. This enables us a simple effective description of the heavy quark using the drag and fluctuation forces.
There have been various efforts for calculating the heavy quark transport coefficients in the perturbation theory [4, 6] , by the lattice QCD simulations [7] , and by applying the AdS/CFT correspondence [8] .
In this paper, we shed light on the dynamics in the heavy quark color space. The Langevin dynamics is classical description of the Brownian motion. Unlike kinetic variables, the time scale of the heavy quark color does not get long even with its heavy mass. Typically, the time scale of color diffusion is about 1 g 2 T while the duration of a soft scattering is about 1 gT . Therefore, it is only in the weak coupling regime that we can expect the validity of Langevin description that couples with the heavy quark color degrees of freedom. In the case of the heavy quark with color, description in the phase space is classical while that in the color space is quantum. Here the heavy quark color is in the fundamental representation of color SU(N c ). Instead of describing it classically by Wong's equation [9] in terms of a (N 2 c − 1)-dimensional vector, we treat a color state as a quantum state in a Hilbert space with N c dimensions. Indeed, the latter description is a direct consequence from the quantum description of the heavy quark Brownian motion [10] .
The main finding of this paper is that an analogue of the Schrödinger's cat state appears in the heavy quark Langevin dynamics due to the non-Abelian interaction of QCD. The classical momentum corresponds to the cat and couples to quantum states in the color space. It is well-known that decoherence of such a macroscopic superposition state is essential to have classical picture of the Brownian motion [11] . Consequently, the discretization time scale of the classical Langevin dynamics must come out from the time scale of decoherence in the heavy quark sector. The discretization time scale turns out to be ∆t ∼ M γ. It depends on the heavy quark mass M and on the heavy quark momentum diffusion constant γ (up to some factors).
Phenomenological implication of the discretization time scale ∆t ∼ M γ is intriguing. Typically, the drag force extracted from the experimental data corresponds to γ ∼ 1 ⋅ T 3 [5] . For a charm (bottom) quark in the QGP with T ∼ 200 MeV, the discretization time scale is ∆t ∼ 3fm (5fm). In the heavy-ion collisions, typical lifetime of the QGP is τ QGP ∼ 10 fm. Therefore the values of ∆t might indicate that the macroscopic superposition state remains, at least partially, until the freezeout stage of the heavy-ion collisions.
This paper is organized as follows. In Sec. II, we introduce and analyze the basic properties of heavy quark master equation. We see that Ehrenfest equations show kinetic equilibration of heavy quarks. In Sec. III, we de-rive the Langevin equation of heavy quarks with color. The Langevin equation is not closed in the heavy quark phase space: the momentum update depends on the heavy quark color state. In Sec. IV, we discuss how to interpret the coupling between the dynamics in the heavy quark phase space and that in the color space. Also the appropriate discretization time scale for classical Langevin description is discussed. Section V is devoted to summary. Throughout this paper, we adopt the natural units, ̵ h = c = k B = 1, and operators in Hilbert and Fock spaces are denoted by bold fonts.
II. HEAVY QUARKS AS AN OPEN QUANTUM SYSTEM
When one describes a heavy quark in the quark-gluon plasma (QGP) as an open quantum system [12] , reduced density matrix
is a basic dynamical quantity. Here ρ tot (t) denotes a density matrix of a total system of the heavy quark and the QGP. The total Hilbert space is composed of a direct product of the heavy quark and the QGP Hilbert spaces H tot = H Q ⊗ H med . By taking the trace over the Hilbert space for the QGP (Tr med ), one gets the reduced density matrix ρ Q (t) that operates in the heavy quark Hilbert space. The master equation for the reduced density matrix ρ Q (t) was derived by the influence functional formalism [10] . In the leading order of the QCD coupling g and in the non-relativistic limit, 1 it is
Here 
Here D(⃗ r) is defined by a thermal two-point function of gluons
As is clear from the definition, D(⃗ r) is an even function of ⃗ r. At ⃗ r ∼ 1 gT , the hard thermal loop resummed perturbation theory gives at leading order
Here ω D is the Debye screening mass ω
From the master equation (2), one can derive timeevolution of thermal averaged quantum expectation values ⟪O⟫(t) = Tr Q {ρ Q (t)O}, or the Ehrenfest equations, such as
reproducing the consequences of classical Langevin dynamics (up to ǫ). The drag force parameter γ > 0 and the correction to equipartition ǫ ( ǫ ≪ 1) are given by
The master equation (2) has several important properties, which we summarize here. The terms with F 1 describe thermal fluctuation and that with ⃗ F 2 describes dissipation. In the Ehrenfest equations (8) and (9), the thermal fluctuation 
Close to equilibrium, thermal de Broglie wavelength for a heavy quark l dB ∼ 1 √ M T is much shorter than typical correlation length of (electric) gluons l fluct ∼ 1 gT , where for ⃗ r ≳ l fluct , D(⃗ r) ≃ 0. Therefore one can take a short distance approximation for D(⃗ r) ≃ D 0 + (D 2 6)⃗ r 2 . In this approximation, ǫ = 0. By this expansion, one gets the Caldeira-Leggett master equation [13] .
In the following, we derive the Langevin equation itself, instead of being satisfied with reproducing the consequences of its dynamics.
III. DERIVATION OF LANGEVIN DYNAMICS A. Stochastic master equation
First, let us investigate more closely how the F 1 terms in the master equation (2) 
The following statistical property of the random field is assumed: ⟨ξ
Hereafter, we call average over the random field ξ the noise average and denote it as ⟨⋯⟩ ξ . Then the density matrix in the random field, which we denote aŝ ρ Q (t, ⃗ x, ⃗ y; ξ), evolves aŝ
Noting
In the second line of (15), we approximate
because the fluctuation around the average is ∝ dt. Such a fluctuation can be neglected, for it does not contribute to the master equation after taking the noise average. Therefore we can always substitute dt
The evolution equation (14) then becomes
Taking the noise average for (16) and interpreting the noise-averaged density matrix ⟨ρ Q (t, ⃗ x, ⃗ y; ξ)⟩ ξ as the original density matrixρ Q (t, ⃗ x, ⃗ y), one can reproduce the thermal fluctuation terms (F 1 terms) in the master equation (2) . Adding the kinetic term and the dissipation terms ( ⃗ F 2 terms) to (16), we derive the following stochastic master equation:
Although we construct the stochastic master equation (17) quite intuitively, there also exists a formal derivation. One can formulate the problem using the influence functional formalism [14] . Following the notation of Ref. [10] , the influence functional S IF can be obtained as an expansion S IF = S pot + S fluct + S diss + ⋯. The thermal fluctuation S fluct and a part of the dissipation S diss can be expressed using a stochastic variable equivalent to ξ a here. See Appendix A for detail.
B. Langevin equation with color
Using the stochastic master equation (17), one can derive stochastic Ehrenfest equations.
Since Tr Q {ρ Q (t; ξ)O} depends on the random field ξ a , it corresponds to quantum expectation value in a particular realization of ξ a , which we denote as ⟨O⟩(t; ξ) or simply as ⟨O⟩(t) if there is no confusion. The relation to the thermal average of quantum expectation value is ⟪O⟫(t) = ⟨[⟨O⟩(t; ξ)]⟩ ξ . The following stochastic Ehrenfest equations are derived:
with ⟨f
In the derivation, we assume that the heavy quark is localized as a wave packet. To be explicit, the spatial extension of the wave packet should be much smaller than the correlation length of gluons l fluct . This is the classical (point particle) limit for the heavy quark. In such a limit, it is natural to assume that the density matrix is factorized in the color and the configuration spaces ρ Q (t; ξ) ≈ ρ color (t; ξ) ⊗ ρ conf (t; ξ).
2 In terms of ρ color , ⟨t a ⟩(t) = Tr color {ρ color (t; ξ)t a }. The random force ⃗ f a is the force in the random potential ξ a evaluated at the position of wave packet
The random force strength (20) follows from the definitions (13) and (21). Unlike the conventional Langevin equation, the ones derived here in (18) and (19) are not in a closed form. We need to know the dynamics of ⟨t a ⟩. Using the same assumption as made for ρ Q (t; ξ), it is derived as
with ⟨ζ
Here ζ a is the random field evaluated at the position of the wave packet ζ
Nc
. Therefore ρ color (t; ζ) stays a pure state density matrix if it was initially. This feature can also be understood concisely by reconstructing [ρ color (t; ζ)] ij ≡ ⟨i ρ color (t; ζ) j⟩ witĥ
The equation (22) is equivalent to
This color space master equation is very similar to (16) with substitution ⃗ x = ⃗ y = ⟨ ⃗ x⟩(t). Therefore the equation (25) can be derived from random rotation in the
Since the random rotationÛ ζ is a unitary evolution, we obtain Tr color [ρ color (t + dt; ζ)] Tr color [ρ color (t; ζ)] 2 , it is natural to demand (only initially) that ρ color (t; ζ) be a pure state density matrix.
Let us summarize what we have obtained so far. Taking the classical point particle limit for the heavy quark, we have derived the coupled Langevin equations in the phase space and in the color space:
The statistical properties of the noises are 
Physically, the drag parameter γ comes from scatterings with both soft and hard momentum exchanges while α is dominated by soft scatterings that rotate the heavy quark color.
IV. LANGEVIN DYNAMICS AND DECOHERENCE
A. What is ⟨t a ⟩?
Having derived the Langevin equation (26) 
B. "Measurement" of momentum kicks
In order to take into account the quantum fluctuation, we introduce a notation [O] meas which takes one of the possible values of the observable O in a measurement with respect to a pure state ρ color (t; ζ). Let us examine how ⃗ f
There are N c − 2 zero modes in the fundamental representation. The probability that a pure state ρ color (t; ζ) shrinks to each eigenstate depends on the details of both the pure state and the eigenstate. The quantum fluctuation can also be described using the Wigner function. See Appendix B for a brief summary.
Here the factorization of ⃗ f
and
) does not factorize in such a way. In each scattering, the exchanged color is fixed and so we expect the random field can be approximately factorized ξ
a range of ∆x ≪ l fluct . To be consistent with the statistical property of ⃗ f a , the independent white noises ⃗ f and n a must satisfy
we can take into account the quantum fluctuation in the color space. In this interpretation, the noise strength due to the quantum fluctuation is evaluated as
Together with the thermal fluctuation, the noise strength
and the equipartition of heavy quarks is realized correctly. In an original derivation, δ(0) = 1 dt with dt being a mathematical discretization time scale. The discretization time scale dt is shorter than any physical time scales of the heavy quark and is thus sent to dt → 0. We will see, however, that there is an appropriate discretization time scale ∆t at which the "measurement" makes sense.
Therefore, physically, we should take δ(0) = 1 ∆t.
C. Decoherence time scale
Here we show that the quantum fluctuation of ⃗ f a (t)t a becomes relevant as a consequence of decoherence. For a moment, let us get back to the quantum master equation for the heavy quark (12) . The second line of Eq. (12) describes decoherence of heavy quark wave function. When the heavy quark wave function is localized compared to the Debye screening length l fluct ∼ 1 gT , F 1 (⃗ x − ⃗ y) can be Taylor expanded and the decoherence term can be approximated as
This term tells us that a wave function of size ∆x ≪ l fluct loses coherence in a time scale τ dec ∼ 1 γ(∆x) 2 . Let us apply this decoherence time formula to the case of the decoherence arising from the macroscopic superposition in the momentum space. The decoherence time gives an estimate for an appropriate time step ∆t ≈ τ dec in the classical Langevin dynamics. When the momentum difference in the macroscopic superposition state is ∆p, it propagates to the distance ∆x ∼ (∆p M )∆t in time ∆t. The momentum difference due to the noise is ∆p ∼ ⃗ f (t) ∆t ∼ √ γ∆t. Therefore we get ∆x ∼ γ
Note that the appropriate time step ∆t depends on the mass and the momentum diffusion constant of heavy quark. This is much shorter than the relaxation time of the heavy quark momentum ∆t ≪ τ relax ∼ M T γ and thus consistent with the above analysis in which the dissipative term with ⃗ F 2 is ignored. Using this time scale, the distance between the heavy quark wave packets in superposition is ∆x ∼ (γM ) −1 4 so that ∆x ≪ l fluct also holds consistently. Moreover, the wave function is much more extended than the thermal de Broglie length ∆x ≫ l dB , which is a typical size of a wave packet. In this time scale ∆t, the decoherence turns the quantum superposition in the Schrödinger's cat state into a probabilistic mixture of the classical states.
D. Color space dynamics
The appropriate discretization time scale for the classical Langevin dynamics is ∆t. However, the typical time scale for the color space dynamics is much shorter τ color ∼ 1 α ∼ 1 g 2 T , which is the interval of soft scatterings. Therefore, in a time scale ∆t ≫ τ color ,ρ color (t) is updated, in effect, by a random SU(N c ) matrix. Replacingρ color (t; ζ) by a random pure state, which subsequently shrinks to one of the eigenstates of n a (t)t a , the heavy quark color degrees of freedom are no more dynamical degrees of freedom. For a random pure state, 
V. SUMMARY
In this paper, we studied the Langevin dynamics of heavy quarks with internal color degrees of freedom. The Langevin dynamics is not obtained in a closed form in the phase space but as a coupled dynamics in the phase space and in the color space. The coupling causes the macroscopic superposition state, or the so-called Schrödinger's cat state, in the updates of heavy quark momentum. The classical variable ⃗ p, which corresponds to the cat, couples to the quantum state in the color space. The quantum interference in the superposition state is destroyed in a time scale ∆t ∼ M γ by the decoherence and the momentum update should be regarded as one of the possible outcome by a "measurement". Note that the macroscopic superposition and the decoherence in the Langevin dynamics are unique to the non-Abelian interaction. In this way, we are naturally led to take ∆t ∼ M γ for a discretization time scale of the Langevin dynamics. It is interesting because the physical quantities of the classical Langevin equation (M and γ) determine the discretization time scale ∆t for solving it. At this time scale ∆t, the color degrees of freedom are expected to be randomized.
In the discussion of decoherence, we have to require the factorization of the random background ξ a (t, ⃗ x) ≈ ξ(t, ⃗ x)n a (t) at the time scale ∆t and the length scale l fluct . This requirement seems natural and essential to enable the simultaneous "measurement". Although this factorization seems somewhat artificial, we find that at least the decoherence takes place locally compared to the length scale l fluct . There have been extensive phenomenological studies on the heavy quark energy loss and the drag force parameter γ ∼ 1 ⋅ T 3 has been extracted from the experimental data [5] . The decoherence of a charm (bottom) quark in the QGP with T ∼ 200 MeV proceeds in a time scale ∆t ∼ 3fm (5fm). These values are not very large compared to typical lifetime of the QGP in the heavyion collisions τ QGP ∼ 10 fm. This may indicate that a wave function of the heavy quark at the freezeout is in the macroscopic superposition state.
Finally, let us remark that we can find similarity between the discretization time scale ∆t ∼ M γ and the formation time of induced gluon radiation off an energetic parton τ form ∼ ω k 2 ⊥ ∼ ω q [15] . Here ω and k ⊥ are gluon energy and transverse momentum, andq is a transport coefficient characterizing transverse momentum kicks which the energetic parton experiences in the medium. In both cases, decoherence determines the time scales.
For future prospect, it would be an interesting challenge to simulate the stochastic master equation (17), possibly in a simplified version without ⃗ F 2 terms. Without the ⃗ F 2 terms, the stochastic master equation is equivalent to stochastic Schrödinger equation [16] . The natural time step of the stochastic master equation is τ color while the classical Langevin dynamics is expected to emerge at longer time scale ∆t ≫ τ color . Starting from a localized wave packet state, one may ask the following key questions:
• Does the thermal fluctuation with color ξ a generate a superposition state of wave packets?
• How is the interference between the wave packets destroyed by the decoherence?
• How doesρ Q (t, ⃗ x, ⃗ y; ξ) acquire the effect of decoherence in the corresponding classical phase space distribution?
The answers to these questions will help bridge a gap between the quantum and classical descriptions of heavy quarks in the high-temperature quark-gluon matter.
In the Markov limit, the influence functional can be expanded as S IF = S pot +S fluct +S diss +⋯ [10] . The influence functional gives a part of path-integral weight e iSIF for the propagation of the reduced density matrix. Explicit forms of S fluct and S diss are
, (A1) .
Here (ρ a , ⃗ j a ) is nonrelativistic heavy quark color current and labels 1 and 2 denote the Schwinger-Keldysh contour. Integrating by parts the spatial derivatives in ⃗ j a , S diss contains terms of similar structure to S fluct . Let us
